Abstract. In this paper, we introduce a topology on the set of isomorphism classes of finitely generated modules over an associative algebra. Then we focus on the relative topology on the set of isomorphism classes of maximal Cohen-Macaulay modules over a Cohen-Macaulay local ring. We discuss the irreducible components over certain hypersurfaces.
Introduction
Let k be an algebraically closed field and R a finite-dimensional k-algebra. Denote by M(d) the set of R-module structures on k d . Then M(d) is an algebraic set, which is called the module variety of ddimensional R-modules. One of the basic problems is to compute the irreducible components of M(d), and have been studied by many authors including Gabriel [4] , Morrison [8] and Crawley-Boevey and Schröer [3] . Another approach to the structure of M(d) is made by degenerations. For M, N ∈ M(d) we say that M degenerates to N if N ∈ O M in M(d), where O M stands for the GL d (k)-orbit of M . A lot of studies on degenerations have been done, which include Riedtmann [9] , Zwara [16] and so on.
Yoshino [11] extends the notion of degeneration to arbitrary finitely generated modules over arbitrary associative algebras. However, as a matter of course, for this extended version of degeneration we no longer have module varieties to develop topological arguments on degeneration. Thus, in this paper, we introduce a topology on the set of isomorphism classes of maximal Cohen-Macaulay (abbr. MCM) modules over a Cohen-Macaulay (abbr. CM) local ring R by means of degenerations of modules, so that we can regard the set E(d) of isomorphism classes of MCM R-modules of multiplicity d as a substitute for the module variety M(d) in the case of a finite-dimensional algebra. We investigate in this paper the irreducible components of E(d) for hypersurfaces of countable CM representation type.
From now on, we give more precise explanation of our results. Theorem 1.1 (Theorem 2.5). Let k be a field, and let R be an associative k-algebra. Denote by mod(R) the set of isomorphism classes of finitely generated left R-modules. For a subset X of mod(R), put K(X ) = {Y ∈ mod(R) | X ⊕n degenerates to Y ⊕n for some X ∈ X and n > 0}.
Then K(−) is a Kuratowski closure operator on mod(R). In particular, it induces a topology on mod(R), so that E(d) is equipped with a relative topology for each integer d > 0 in the case where R is a CM local ring and k is its coefficient field.
Recall that a CM local ring R is said to have countable CM representation type if there exist infinitely but only countably many isomorphism classes of indecomposable MCM R-modules. Let R be a complete equicharacteristic local hypersurface with uncountable algebraically closed residue field k of characteristic not two. Then R has countable CM representation type if and only if R is isomorphic to the ring k[[x 0 , x 1 , x 2 , . . . , x n ]]/(f ), where
Theorem 1.2 (Theorem 3.4). Let k be an uncountable algebraically closed field of characteristic not two, and let R be a complete local hypersurface over k having countable CM represenation type. Then for each integer d > 0 the topological space E(d) can be represented as a finite union of irreducible closed subsets, provided that (i) R has type (D ∞ ) or (ii) dim R is odd and R has type (A ∞ ).
The paper is organized as follows. In Section 2, we recall the notion of degenerations of modules over arbitrary algebras, and introduce a closure operator using degenerations (Definition 2.4), which induces a topology the set of isomorphism classes of MCM modules (Theorem 2.5). In Section 3, we give a description of the irreducible components of the set of isomorphism classes of MCM modules (Corollary 3.2 and Theorem 3.4).
A closure operator on mod(R)
First of all, let us recall the definition of degenerations of modules over an arbitrary algebra. Throughout this paper, unless otherwise specified, let k be a field, and let R be an (associative) k-algebra. Denote by mod(R) the set of isomorphism classes of finitely generated left R-modules.
be a localization of a polynomial ring, and let K = k(t) be a rational function field, which is the quotient field of V . For M, N ∈ mod(R) we say that M degenerates to N and write M ⇒ deg N , if there exists a finitely generated left R ⊗ k V -module Q such that Q is flat as a V -module, Q/tQ ∼ = N as an R-module, and
We state several fundamental properties of degenerations of modules. 
of finitely generated R-modules such that ψ is nilpotent. If R is a CM local ring and M, N are MCM modules, then Z is MCM as well. [12, Corollary 4.7] . Finally, let us show (7) . There is an exact sequence as in (1) . If M = 0, then the map ψ is injective, and its nilpotency implies Z = 0, which implies N = 0. Conversely, assume N = 0. Then there exists a map ( α β ) : M ⊕ Z → Z such that φ ψ ( α β ) = 1. Then we have ψβ = 1, which implies that ψ is surjective. Since ψ is nilpotent, the zero map of Z is surjective, which means Z = 0. Hence M = 0.
For each subset X of mod(R), put
Suppose that R is a finite-dimensional k-algebra. Then every finitely generated R-module is a finitedimensional k-vector space, and for all N ∈ mod(R) one has
Thus we may regard K 0 (M ) as a substitute for O M . Moreover, it is clear that 
Hence, the relation ⇒ deg is transitive up to direct sums of copies. Taking this into account, we make the following definition.
Definition 2.4. For a subset X of mod(R) we put
If X consists of a single module M , then we simply denote it by K(M ).
Taking advantage of Theorem 2.3, one can prove the following statement.
In particular, it defines a topology on mod(R): a subset X of mod(R) is closed if and only if K(X ) = X , if and only if X = K(Y) for some subset Y of mod(R).
Proof. It is straightforward to show the assertions (1) and (3), while Proposition 2.2(4) implies that the assertion (2) holds. Let us show the assertion (4). Pick any module N ∈ K(K(X )). Then there are a module M ∈ K(X ) and an integer a > 0 such that
The opposite inclusion follows from (2), and we conclude that the equality K(K(X )) = K(X ) holds.
In the remainder of this paper, whenever we consider the set mod(R) of isomorphism classes of finitely generated R-modules, we equip it with the topology defined in the above Theorem 2.5.
We close this section by stating a corollary of Theorem 2.5. (1) and Theorem 2.5(4).
Using (1), we obtain the equality K(X ) = M∈X K(M ). It follows from (3) that the sets K(M ) are irreducible closed subsets.
Irreducible components of mod(R)
Throughout this section, we assume that (R, m) is a CM complete local ring with coefficient field k. We denote by CM(R) the set of isomorphism classes of MCM R-modules, which is a subspace of the topological space mod(R). In what follows, for each subset X of CM(R) we consider the restriction of K(X ) to CM(R), namely, we investigate the subset
Here are some basic properties.
Proof. Let X , Y be subsets of CM(R). It is easy to observe from Theorem 2.
, where the last equality follows from Theorem 2.5(4). Hence
Thus the first assertion of the proposition follows. The remaining assertions of the proposition are shown along the same lines as in the proof of Corollary 2.6.
For each integer d > 0 we denote by E(d) the subset of CM(R) consisting of MCM modules of multiplicity d, that is,
Proposition 2.2(6) guarantees that
Hence E(d) is a variant of the module variety M(d) defined (only) in the finite-dimensional case.
Recall that R is said to have finite CM representation type if there are only a finite number of isomorphism classes of indecomposable MCM modules. When this is the case, the topological space E(d) can be decomposed into finitely many irreducible closed subsets. 
into finitely many irreducible closed subsets, where M 1 , . . . , M n are MCM R-modules of multiplicity d.
Proof. As R has finite CM representation type, there exist finitely many MCM R-modules M 1 , . . . , M n of multiplicity d such that E(d) = {M 1 , . . . , M n }. It is easy to verify by Theorem 2.5(2) and (3.1) that
We give two examples of computation of the topological space E(d). 
, which gives rise to a degeneration 
The main result of this section is the following theorem. In the case where R is a finite-dimensional k-algebra, the module variety M(d) can always be described as a finite union of irreducible closed subsets, since it is an (affine) algebraic set. The topological space E(d) (and hence CM(R)) is not even noetherian in general. From now on, we show several results to give a proof of Theorem 3.4. We begin with a lemma.
Proof. 
For a finitely generated R-module M , we denote by ΩM the (first) syzygy of M , i.e., the image of the first differential map in the minimal free resolution of M . The following proposition is a more precise version of Theorem 3.4 in the case where the ring R is either a 1-dimensional hypersurface of type (A ∞ ) or a 2-dimensional hypersurface of type (D ∞ ).
Proposition 3.7. Let d > 0 be an integer.
Proof. ⊕2 , I n belong to K CM (R). Pick any X ∈ E(d) and write
⊕ · · · ⊕ I ⊕cm lm . As e(R) = e(I n ) = 2 and e((x)) = e(R/(x)) = 1, we have d = e(X) = 2(a+c 1 +· · ·+c m )+b. Assume that d is odd (resp. even). Then b = 2r−1 (resp. b = 2r) for some r ≥ 1, and d = 2(a+c 1 +· · ·+c m +r)−1 (resp. d = 2(a + c 1 + · · · + c m + r)). Applying Lemma 3.6, we see that X belongs to K CM (R ⊕a+c1+···+cm+r ⊕ (x)) (resp. K CM (R ⊕a+c1+···+cm+r )). Therefore the left-hand side of the equality in the assertion is contained in the right-hand side. The opposite inclusion is easily seen by using (3.1).
(2) The nonisomorphic indecomposable MCM R-modules are
see [7, Proposition 14.19] . Note that I ∼ = ΩI, J ∼ = ΩJ, M n ∼ = ΩM n and N n ∼ = ΩN n . We make a similar argument as in the proof of (1). By Proposition 2.2(2) we have
), e(R) = e(I) = e(J) = 2, e(M n ) = e(N n ) = 4.
(Hence every MCM module has even multiplicity.) Take any module X ∈ E(d), and write
Then d = e(X) = 2(a + b + c + 2 i d i + 2 j e j ), and X ∈ K CM (R ⊕a+b+c+2 i di+2 j ej ) by Lemma 3.6. Finally, by using (3.1), the assertion follows.
The following proposition is nothing but Theorem 3.4 in the case where the ring R is a 1-dimensional hypersurface of type (D ∞ ). The proof uses matrix factorizations. We refer to [11, § 7] for the details.
, where X is the set of isomorphism classes of modules of the form
where d = 3l 1 + l 2 + 2l 3 + 2l 4 + l 5 + 2l 6 + 4l 7 . In particular, the topological space E(d) is a finite union of irreducible closed subsets.
Proof. We prove the proposition similarly as in the proof of Proposition 3.7. By [2, Proposition 4.2], the nonisomorphic indecomposable MCM R-module are
It is seen that ΩM 
respectively. Indeed, 
. Thus we obtain the degenerations (3.3). Hence each indecomposable MCM module belongs to
Now the proof of the proposition is completed.
In the proof of Proposition 3.8, we construct R ⊗ k V -modules Q ± n and P ± n concretely. Using them, we can also show the case where the ring R is a 3-dimensional hypersurface of type (D ∞ ). Let R = S/(f ) be a hypersurface. Knörrer's periodicity theorem [13, §12] gives rise to the functor (−)
. We call this functor Knörrer's periodicity functor.
, where X is the set of isomorphism classes of modules of the form 
respectively. In fact, let (Φ, Ψ) be a matrix factorization of Q + n ; see (3.2) . Consider the pair of matrices (Φ ♯♯ , Ψ ♯♯ ) = (
We see that (Q 
Thus the claim follows. Note that there are equalities
Similar arguments as in the proof of Proposition 3.8 yield the assertion. Now we are ready to prove Theorem 3.4.
Proof of Theorem 3.4. Let R = S/(f ) be a hypersurface as in Propositions 3.7 and 3.9, and assume that the base field k is algebraically closed and has characteristic not two. The proofs of those propositions show that there exist a finite number of MCM R-modules G 1 , . . . , G n (depending only on R) such that all the isomorphism classes of indecomposable MCM R-modules belong to K CM ({G 1 , . . . , G n }). It follows from [5, Proposition 5.3 ] that all the isomorphism classes of indecomposable MCM R ♯♯ -modules are in K CM ({G The case where the ring R is a 1-dimensional hypersurface of type (D ∞ ) follows from Proposition 3.8. Now let R be one of the other hypersurfaces in the theorem. Iterating the above argument, we find MCM R-modules G 1 , . . . , G n such that all the isomorphism classes of indecomposable MCM R-modules belong to X := K CM ({G 1 , . . . , G n }). Let d > 0 be an integer, and take M ∈ E(d). Then there exist indecomposable MCM R-modules M 1 , . . . , M s and integers e 1 , . . . , e s such that M = M | a 1 , . . . , a n ≥ 0 with a 1 e(G 1 ) + · · · + a n e(G n ) = d}).
This completes the proof of the theorem.
In view of our Theorem 3.4, it is quite natural to ask what happens for even-dimensional hypersurfaces of type (A ∞ ). We end this section by stating a remark on this. 
